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We prove the existence and uniqueness of Stiefel-Whitney classes of real 
representations, subject to the Hirzebruch axioms, within the category of finite 
groups. We also give a method of constructing and computing with these classes, 
using multiplicative transfer and induced representations, and apply our formulae 
in certain simple cases. ‘c’ 1989 .4cademic Press. Inc 
It has long been known that given a real representation p: G -+ GL(n, R) 
of the discrete group G, it is possible to define the Stiefel-Whitney classes 
\ui(p) E H’(G, [F2)? 0 < i < n, we(p) = 1, as the topological classes of the 
associated real flat bundle over the classifying space BG. These classes have 
the properties: 
(SWl) Given a group homomorphism f: G’-+ G, f*(w,(p)) = 
+l:Jf!p), wheref* andf! are the natural induced maps in cohomology and 
representation theory. 
(SW2) If bv,(p) = 1 + u’i(p) + . . . + IV&) is the total Stiefel-Whitney 
class, then u!.(pi + p2) = tv.(pi) n!.(p2). 
(SW3) In dimension one u,,(p) = det(p). 
Note that although in the first instance one defines w.(p) for positive 
representations, by means of the formal inversion formula (I + 2))’ = 
1--++*--3+ . ..? 1~. extends to an exponential map 
w. : RO(G)-+ H**(G, FF2). 
The structure of the cohomology ring H*(BGL(IW), F2) ensures the exist- 
ence of a theory of Stiefel-Whitney classes, but it is not obvious that within 
the category of finite groups these classes are unique. 
One of our aims in this paper is to give a purely algebraic definition of 
the Stiefel-Whitney classes for representations offifzite groups. We do this 
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by adapting the method used by Ove Kroll in [ 11, 121 to construct Chern 
classes, which in essence consists in reversing the Brauer lift of a 
homomorphism in characteristic p to a virtual representation in charac- 
teristic 0, and then using the structure of H*(O,(lF,), IF,). The additional 
technical tools needed are contained in the appendix to Quillen’s famous 
paper [ 131, and our main result is that for representations of finite groups 
there exists one and only one family of characteristic classes which satisfies 
properties (SW1 ), (SW2), and a modified version of (SW3). In order to 
formulate this modification assume that the discrete group G is finite, and 
that without loss of generality p takes values in the orthogonal subgroup 
U,(R) of GL(n, R). Following Frbhlich in [6] we can define a group%, 
by means of the short exact sequence 
1 +?L,- Cx(n)~ R” -+O, 
where C x (n) is the subgroup of homogeneous invertible elements x of the 
Clifford algebra Cl(n), associated with the standard inner product on 
Vz R”, which satisfy XVX- i E V for all u E V. N(x) = .x~?c, where x -+x, is 
the involutory antiautomorphism of C(n) induced by (Do v2 . . . u~)~ = 
v,v,-1 “‘VI. One must distinguish between the extensions defining %,, 
and the usual group Pin,; these correspond to the classes ~7~ and w2 + w:, 
in H*(BO(n), E,), IZ 2 2. However, note that for orientable representations, 
since \t~i vanishes and H’(BSO(n), [F,) is cyclic of order 2, the extension 
above is unique, and S$& = Spin,. 
We now construct a diagram of central extensions 
and define MIX to be the class of the extension E, obtained by pulling 
back along p. We reformulate the third Stiefel-Whitney axiom as 
(SW3) (a) In dimension one MJ~(P) = det(p). 
(b) In dimension two iv,(p) = the class of the extension E above. 
The choice of=,, ensures that the algebraic and topological definitions of 
~1~ are compatible with each other. 
Having proved existence and uniqueness we turn to the problem of effec- 
tive computation, still staying within the category of finite groups. Our 
method is based on the real version of Blichfeldt’s theorem describing the 
irreducible representations of a supersolvable group, and a formula for the 
total Stiefel-Whitney class of an induced representation using multi- 
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plicative transfer. It is reasonable to ask why this formula is not needed in 
the proof of the characterization theorem (Theorem 1 below). The answer 
seems to be that the proof that H*(O,([F,), lF,) is polynomial on the expec- 
ted generators depends on detecting mod 2 cohomology classes by restric- 
tion to elementary abelian subgroups. This in turn depends on the special 
nature of the 2-Sylow subgroups of the classical groups, and ultimately one 
is reduced to examining the mod 2 cohomology of a wreath product. Such 
products enter into an alternative proof of the Fulton-MacPherson for- 
mula for characteristic classes of a direct image bundle, which proof is valid 
at least when the bundle is associated with an induced representation, and 
which is rooted in ideas of Evens from the 1960s compare [4]. 
The second part of our paper is devoted to calculations-we show that 
in general only a small part of H*(G, E,) is generated by Stiefel-Whitney 
classes, define certain ideals J’“)(G) of the real presentation ring, and 
examine the total Stiefel-Whitney class of the regular representation I’~ of 
a 2-group. Our last result (Theorem 5 below) can be considered as a refor- 
mulation and extension of Theorems I.1 and II.1 in [S], and our technique 
is clearly asking for further applications. Ultimately, when the structure of 
H*(G, E2) and the role played by Stiefel-Whitney classes are better under- 
stood, one hopes to apply the method to study the structure of finite 
groups. For example, if v(G) = min, (w2~~~(rG) # 0}, we are able to charac- 
terise those groups with r(G) d 2. However, for groups with r(G) = 3 we 
have as yet only partial results. 
1. ALGEBRAIC DEFINITIONS OF THE STIEFEL-WHITNEY CLASSES 
Our aim in this section is to show that, at least when G is a finite group, 
it is possible to construct the Stiefel-Whitney classes entirely within the 
framework of the cohomology of finite groups. One can adopt one of two 
procedures: the first, modelled on the discussion of Chern classes by 
Ove Kroll in [ 11, 121, proves existence and uniqueness by means of 
characteristic classes for modular representations. The second, which is 
more constructive, starts from the observation that properties 
(SW l )-(SW3) characterise the classes for sums of one- and two-dimen- 
sional representations, and then reduces the general case to this by means 
of the real form of Blichfeldt’s theorem; see [ 16, Proposition 3] or [13]. 
The disadvantage of this second approach is that in spite of its 
applicability, it is hard to show that w.(p) is in general well-defined. The 
problem is to obtain explicit relations in the induction theorems, i.e., good 
generators of the kernel of 
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compare Langlands’ work on local constants, and the recent paper of 
V. Snaith [ 171. Our philosophy is to use the constructive method whenever 
possible, and appeal to Theorem 1 below as a guarantee that our calcula- 
tion of NJ.(~) is unique. 
THEOREM 1. There is one and onIy one family of characteristic classes for 
real orthogonal representations of a finite group G, which satisfies properties 
(SWl)-(SW3). 
ProoJ Step 1. Let p be an odd prime, k, an algebraic closure of the 
finite field [F,, and 
some fixed multiplicative embedding of the multiplicative group of k, in the 
roots of unity p, in @*. Using e,, one can lift a representation of the finite 
group G on the module V defined over the finite extension field [F, of [F, to 
a virtual representation in characteristic zero. It is shown in [13, 
Appendix] that this lift is compatible with a non-degenerate symmetric 
bilinear form on I’, and hence that the standard representation of O,(IF,) 
in I;, gives rise to a map 
in the homotopy category. Passing to the algebraic closure we obtain maps 
BO,&) - 
4 BO 
for each value of n, and as n tends to infinite a map BO(Zp) + BO, which 
induces an If?-cohomology isomorphism [ 13, Theorem 1.61. Furthermore, 
if ROJG) is defined to be the Grothendieck group of isomorphism classes 
of G-modules I’, modulo short exact sequences, there is a well-defined 
decomposition homomorphism 
given by 
d,: RO(G) + ROJG), 
p -+ e;‘(Al + ... + A.,), 
where il,, . . . . 1, are the eigenvalues of Jo with the appropriate multiplicities. 
Step 2. By Theorem 4.7 in [13], H*(BO,(E& lF2) is a polynomial 
ring over IF, on generators J’~, . . . . JJ* with the dimension of yi equal to i. 
Furthermore if Q is the diagonal subgroup of O,(IF,), cohomological 
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restriction from O,,(,&p) to Q is injective. Note that even though k, is an 
infinite field, there are no problems in treating O,,(k,) as though it were a 
finite discrete group, since we work with finite coefftcients 5,; compare [S] 
and the discussion in [lo]. Each generator jji is the pullback of the univer- 
sal Stiefel-Whitney class iri along the map B@,, and up to normalisation 
(SW3) it is natural to define yi to be the universal ith Stiefel-Whitney class 
in characteristic p. Thus, if p maps G to I’, where V is a finite-dimensional 
if,-module with bilinear form, by extension of scalars we have 
and may write 
Bp: BG -+ BO,,(k,), 
+‘(p) = (BP)* yi~H’(G, 5,!, l<id!?. 
Property (SWl) is obvious. Property (SW2) follows once we notice that 
given the short exact sequence of modular representations 
Pl -P-P2 (dim pi=fzi, i= 1, 2), 
p factors through a subgroup P in On,+,,: (R,) of parabolic type, i.e,, P is 
a split extension of O,), x O,, by some unipotent group U. Since U is a limit 
of p-groups, H*( U, 52) = 0, and it follows that 
Y.(P) =~‘.b + 65) =ml)wzj. 
In order to satisfy (SW3) we must make choices for ui(0,,(5,) +j, O,(k,)), 
i = 1 and 2. Given the topological definition in the Introduction it is clear 
that we should set 
.~i(&) = V&J* +v,, i= 1, 2, 
where bvl is the unique generator in dimension 1 and )v~ equals the class of 
the extension Pin,(R). Note that the class JJ?(~~) defines an extension group 
Pin,W,), 
which presumably has similar properties to the group in characteristic zero. 
A direct definition would seem to be a little tricky, since q4 is a virtual 
rather than a positive representation. 
Step 3. Let p : G -+ O,,(R) be a real orthogonal representation of the 
finite group G, and let p be an arbitrary odd prime. Define 
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In order to show that this definition is independent ofp we must check that 
the diagram 
RO,,W 
..,,,;/ lq 
H**iG, W 
i /4 
RO,,iG) 
commutes for all finite groups G and all pairs (pr , p2). By naturality it is 
enough to consider the single virtual representation Pi, equal to the Brauer 
lift of j,: O,([F,j + O,(k,). By Step 2, w.(cp,) is determined by the total 
Stiefel-Whitney class of the restriction 6, of ‘pq to the diagonal supgroup 
Q. Since Q is abelian 6, splits as a sum of one- and two-dimensional 
representations, so that w.(6,) is determined by (SW3), so long as (SW1 j 
and (SW2) hold. These two properties follow from their analogues in the 
modular case, together with functoriality of the decomposition map, i.e., 
the commutativity of the diagram 
RO(G,) f’ RO(G,) 
I 
4 
I 
4 
RO,iG,) f- RO,Wd 
for a homomorhpism f: G, --f G,. This completes the existence part of the 
proof of Theorem 1; uniqueness follows as in [ll], the crucial step being 
that we can reduce to a sum of one- and two-dimensional representations 
as above. For a more constructive approach, assuming that existence and 
uniqueness are known either topologically (as in the Introduction) or 
algebraically (as in Theorem l), we first specify MT.(P) for certain special 
representations p of a few basic groups G. (Note that in general there is no 
loss of generality in assuming that G is a ?-group.) 
(i) G = CG, p = the non-trivial character. Set w.(p) = 1 + b, where b 
generates H’(G, IF,). 
(ii) G = C& (m 3 2), a cyclic group of order 2” with generator t. Let 
p be the representation mapping tj to the 2 x 2-orthogonal matrix 
( 
cos 2rj/2n’ sin 2rrj/2” 
-sin 2rij/2m cos 2rtj/2m > ’ 
and set w.(p) = 1 + x, where x generates H2(G, [F2). 
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(iii) G= D,, of order 2”+’ with presentation (s, t: t7” = s2 = 1, 
sts-’ = t - ’ ), and preferred representation p given by 
0 1 
p(s)= 1 () 1 
( > 
p( t-q = 
( 
cos 2xj/2m sin 27ij/2”’ ’ 
- sin 2rrj/21n cos 2rij/2”’ ) 
Let bsH’(G, iF2) correspond to projection onto Cg, which maps the 
generator t to 1, and let x E H*(G, IF,) be an element which restricts to zero 
(a generator) on the subgroup (s) (the subgroup (t)). With this notation 
set 
w,(p) = 1 + b +x. 
Now suppose that p is an irreducible representation of the 2-group G. By 
Serre [ 16, Proposition 31 or [ 131, p is induced from some representation 
3 of some subgroup K of G, and 3 factors through a representation of type 
(i)-(iii) above. If K = G there is a homomorphism cp : K -+ i?, where K is 
cyclic or dihedral, and a representation 3 of K as above with 3 = 3 0 cp. Set 
w.(3) = cp*uJ,(3 j. If K is a proper subgroup of G, we argue by induction on 
the index [G: K]-by the properties of 2-groups, there is a series K= K, E 
. I . c K,z = G with [K,:K,- i] = 2. Define 3i = Indz 3 (so that 3, = p), and 
assume inductively that 1~.(3,- i) is known. Then by a special case of the 
Fulton-MacPherson formula for the characteristic classes of a direct image 
bundle ([i7] or [9]), 
\v.(~J=N(M’.(Q~~~))+ 5 [(I +cjr-‘- 1-j N05(Qi~ 1)), (11 
i=O 
where r = 2’-* dim 3 is the dimension of 3j- r, c E H’(K,, [FZ) corresponds 
to projection onto K,/K,_ i, and N is the multiplicative transfer. (For the 
definition and basic properties of N, the reader is referred either to the 
original paper of Evens [3] or to Section 2 of [9].) 
Finally, if p = Cy=, pj, with each representation pj irreducible, then by 
(sw2)5 w.(P)= n,“=() M'..(Pj). 
If G is a group of composite order, then as we have already observed, 
H*(G, E,j restricts injectively into H*(G,, !Fzj and kv.(p) equals 
Corg,M:.(p / G2j. 
Here are some elementary examples of groups, for which the mod 2 
cohomology is generated by Stiefel-Whitney classes of representations. 
(i) G = C,, p = the non-trivial character. Then H*(G, E,) = F,[b] is 
generated by wL(p). 
(ii) G = C& (ma2). H*(G, ET) is generated by the first Stiefel- 
Whitney class of the representation which maps t to - 1 (and which hence 
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factors through the quotient group of order 2) together with x = w&); see 
the previous discussion. 
(iii) Let Qzm8 denote the quaternion group of order 2” + ’ with presen- 
tation (t,s:tzm=l, t2’“m’=s2, a-‘= t-l, m 3 2). Then, as is well known, 
Qzm has cohomological period equal to 4 and as maximal generator in 
H4(Qrm, Z) we may take cz(p), where p is any fixed point free representation 
of Q2-. If a and h are elements of H’(Qzm, F2 j corresponding to 
homomorphisms with kernels ( t2, s) and (t), respectively, then it is not 
hard to see that 
Warning! A little care must be exercised with the multiplicative relations; 
if m = 2, a2 i- ab + b’ = 0, but if nz B 3, a’= ab; compare Sections 2 and 3 
below. The difference is explained by the fact that if nz 3 3, Qzm maps onto 
D,,-1, but if m = 2, the corresponding quotient is Cz x Cl. 
(iv) Let G be an extra-special 2-group of the form 
C2 w  G * I’, I( 
where C2 is central, rc maps G onto the elementary abelian quotient group 
V of rank 2n, and the extension is determined by an element in H2( V, Cl). 
Using the spectral sequence of the extension, Quillen [14] showed that 
H*(G, F,) 2 H*(; IF’)@ Fz[wZ”(f! y)], 
n 
where J,, (equal to the kernel of the inflation map rc*) is the ideal generated 
by elements on the base hit from behind in the the spectral sequence. The 
representation 7 is defined on a elementary abelian subgroup of index 2”, 
and is obtained by trivial extension of the representation of the central sub- 
group Cz mapping the generator to - 1. (The induced representationf! y is 
thus real of dimension 2”.) 
2. SPLIT METACYCLIC ~-GROUPS 
Let G be a split metacyclic 2-group. In this section we combine 
Diethelm’s determination in [Z] of H*(G, F,) with simple results about the 
irreducible representations of G. Our aim is to list those groups for which 
the mod 2 cohomology, like the elementary case considered at the end of 
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the last section, is generated by Stiefel-Whitney classes. First let us fix the 
notation to be used for the remainder of the paper. 
G+=(~,t:~~“=t~~=l,~t~-~=t~‘+~): 
in > 12 max(m - n, 2), n>l 
G~=(s,t:s’“=t2m=1,sts~~‘=t21-1~, 
m 2 Ia max(nz - n, 2) n>l 
So far as cohomology goes there are four subcases to consider. 
Type 1: lfm-n. 
H*(G, iF,) = LF,[a, b, X, JJ] subject to the multiplicative relations 
(+) a’=b*=O, 
(-) a2=ab 
,=b’ (n=l) 
b=O (a 2 2). 
Here the dimensions of a, b (respectively x, JJ) are 1 (respectively 2 j, b and 
1’ are inflations of the obvious elements in H*(Gj(t), E2), and a and x 
have non-zero restrictions in H*( (t ), E,). Indeed x corresponds to the 
generator of E22 = H2(( t), iF,) in the spectral sequence of the extension. 
Type2:1=m-n. 
H*(G, lFZ) = F,[a, b, y, LJ, to] subject to 
(n= 1) 
(n32) 
(-ja”=ab,ay=au=O 
y = b2, v2 = wab + tvb2 + vb3 (n=l) 
b2 = 0, v2 = wab + vyb (n>2). 
The generators a, b, and y are as for Type 1, but the single generator x 
must be replaced by the pair (u, ~1) with dimensions (3,4), because the 
spectral sequence of the extension no longer collapses. (This is in sharp 
contrast to the case of integral coefftcients, and goes some way to explain 
why the situation is more complicated for Stiefel-Whitney than for Chern 
classes.) The generator c’ of dimension 3 (respectively u’ of dimension 4) is 
detected at the E,-level by Et 3 (respectively E? “). If n = 1 we have the 
following special cases: l( - ), D,, (dihedral); 2( - ), D&, (semidihedral); 
and 2( + ), D’& (behaving much like an abelian group), which will be 
discussed at greater length in Section 3. 
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Remark. If G is semidihedral, the subgroup ( t2, s) of index 2 is 
dihedral, and one can choose ~7 to restrict to xb2 in H4(62m-1, [F2). 
For the representation theory of G we refer to [l, pp. 333-3401. If [ is 
a primitive 2”-th root of unity write TF for the 2”-dimensional representa- 
tion of G induced up from the representation ri: t -+ ci of (t). Thus 
Furthermore, writing ;1= 2l f 1, we have 
(i) T,” is irreducible if and only if 1% $ i (mod 2”), for 
l,<k,<2”-1, 
(ii) T,f and T,: are inequivalent if and only if L’i, f i, (mod 2”), 
for 0 d k < 2” - 1, and 
(iii) the commutator subgroup [G, G] equals (t’- ‘) and has order 
2”-’ (+ subcase) or 2”- r (- subcase). 
The main result on the complex representation ring of G is then that the 
irreducible representations are either l-dimensional or contained as sub- 
modules of the induced modules TF. Indeed Ty (1 d i< 2”) is itself 
irreducible if and only if for each pair (zii, ~1~) with 1 <u, <2”, 
1~ ~1~ < 2” - 1 we have that A%i z ~~(2”) implies that AU, = ~~(2”). In the 
special case that n = 1, that is, G = DZf”, Dim, or D&, this condition is 
satisfied trivially. 
We are now ready for 
THEOREM 2. lf G is a split metacyclic 2-group, then H*(G, F,) is 
generated bJ9 Stiefel- Whitney classes of real orthogonal representations, if 
and only if G is of type 1 and there exists an epimorphism q : G + D,, such 
that t $ Ker( 50 ). 
ProoJ If G is dihedral, then H*(G, lF,) is generated by a, b, and x 
(notation as before). The elements a and b are the first Stiefel-Whitney 
classes of the homomorphisms into [F, with kernels (t*, s) and (t), and 
x = OVA, p as in the discussion in Section 1. Note that p is irreducible as 
a complex representation. If G maps properly onto D,, via a 
homomorphism cp which is faithful on (t), then x equals \v& 0 cp) by 
naturality. For more general groups G we consider Types 1 and 2 
separately. 
Type 1. We show that unless there is an epimorphism cp of the kind 
described above, then any real representation p of G is such that 
ResF,> )t’?(p) vanishes. Hence by Diethelm’s description of the mod 2 
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cohomology x does not belong to the subring generated by Stiefel-Whitney 
classes. Suppose that p splits as pI + p2, so that 
It is clear that after restriction the third term vanishes if either factor equals 
6. Otherwise we have nl,(p,) w,(p,) = u2, which either vanishes (A= 2’+ 1) 
or equals ab(l = 2l- 1 ), and vanishes after restriction. Hence without loss 
of generality we may assume that p is irreducible. If p is l-dimensional, 
w2 = 0, hence we take the dimension of p (over R) to equal 2”. Considered 
as a complex representation for some fixed value of i Res:,,, p is a direct 
sum of rotations of the form 
where 1 di<2” and 0 <j < order of A in (Z/2”) x 
There are two subcases to consider: if i is even, M’? of the restricted 
representation vanishes. Otherwise i is odd: ?“-I does not belong to the 
kernel of p, and 
where d is the non-trivial class in H’( (62”m-‘), F2). It follows that 
w2(ResT,, p) can only be non-zero if Y equals 1, i.e., 
Im(p) G GL(2, 53). 
Since we assume that p is irreducible, the image of p is non-abelian, and 
hence by looking at the known list of finite subgroups of matrix groups, 
dihedral. The representation p is faithful on the subgroup (t ), and we have 
shown the existence of the desired homomorphism with image D,,. As in 
the first part of the theorem, if .? E H’(B,,, ff2) is detected by E? ‘, the 
same holds for i~~(p)=p*~~~(p), since the map of spectral sequence 
induced by cp is an isomorphism on the hbre. 
EXAMPLES. (i) G;,,,= (t,s: t2m=~2”= 1, s~sc~=~c’, I=m>n>2). The 
subgroup generated by s2 is central, G/(s2) 2 DZm, and the 
homomorphism cp is non-trivial. ’ 
(ii) G+ ={t,,s:t2”‘+‘=.s2”=l, sts~‘=t~“‘+~, I=tn~n~2). Note 
that 1 + M T;z’# I= m, since ~13 2, and so G is indeed of Type 1. However, 
there is no 2-dimensional real representation factoring in the required way 
through a dihedral quotient, since the commutator subgroup 
[G+, G + ] = ( t2m) and nz > 2. Hence SW(G+ ) is properly contained in 
H”(G+, 0,). 
481/126/Z-6 
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If we look more carefully at x, we see that it cannot come from a proper 
subgroup by corestriction. In this case we could take the index of the sub- 
group K to be 2 and write x= CorG H~. But t*” is a square, and so lies in 
K, hence 
ResT12m> x = ResFfzrn: ReszCorg z 
= ResIf,2m> (tz+;) 
(2 equals the conjugate of z under G/K) 
= 0, since Res Tt2m> z = Res ylzm> I;. 
Similarly we may exclude x= N:(z), for ZEH’(K, lFz); in this case we 
would have x = M.‘~ (Ind); 2) 5 being the representation corresponding to z. 
Furthermore x cannot come by inflation from any proper quotient of 
G = Gz, *. Hence the critical case is y1= 2, since for n 3 3, 
and a bare hands argument shows that x,, z does not come from G,, 1 by 
inflation. The elements of order 2 in the centre of G,, z are s*, t2’“, and s2t2m, 
giving maximal proper quotients G,, r, 
to G,, I (replace (s, t ) by ( stZm-‘, 
G,, J( t2m > and a group isomorphic 
t)). Since .‘c obviously cannot come from 
the second quotient we are done. 
Type 2. In this case we show that veH3(G, IF,) can never belong to 
SW(G). As in the Type 1 argument we first show that, after restriction to 
the subgroup (t), we may assume that t~~(p~ + p2) = n>J~r) + NJ~(~~). 
Again this follows by examination of the various possibilities for 
ResT*; (iv1 . HT~), and the relations in the cohomology ring. Hence without 
loss of generality we may suppose that p is irreducible; if p is l-dimensional 
there is nothing to prove. The remaining irreducible real representations 
are all associated with the complex modules Tc, 1 < i < 2”, and in order to 
find a non-vanishing Stiefel-Whitney class MI&), it suffices to suppose that 
p is faithful on (t), that is, i is odd. Subject to this condition the induced 
representation Ty is irreducible--i is a unit in Z/Z”‘, and we must consider 
the congruence 
I’- 1 mod(2”). 
But G is of Type 2, hence the order of I in (Z/2m)X actually equals 2”, or 
put another way, the subgroup <t) is a maximal normal abelian subgroup 
of G. With the same notation as for Type 1, for i= odd, 
IV. (Res Tr?n - 1 > TF’,) = (1 + d2)2n, 
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which has no component in degree 3. We have now exhausted the 
possibilities, and v $ SW(G). 
In order to illustrate the situation for groups of Type 2, take m 3 3, 
n=l, and il=2+l ) 1, obtaining the split extensions G+ = D;,, and 
GP = D;,. The irreducible representations over C are of degree I or 2, the 
latter being given by the induced modules Ty , 1 6 i < 2” - 1. Using the 
formula (I) for LV.( TF) from Section 1 (the index [G: (t)] equals 2!), and 
the relations in the cohomology ring, when i is odd we have 
(Dim) w.(T,r’) = N( 1 + X) + b’, 
where ,U is the mod 2 reduction of the first Chern class of the representation 
t -+ R(2ni/2m) of (t). 
Therefore JV.( TF) = 1 + (b2 + Car:,) -X) + N,(Z). 
Using the double coset formula shows that Gory,>.? = ab rather than b’, 
and by suitably changing the relations in H4 we can replace the generator 
w  by N2(4 = +( T;). 
Similarly, if G = D&, we obtain 
NJ.( T;) = 1 + (b2 + a’) + N2(X). 
Remark. In the case of D$, we have the relations y = b2 and a2 = 0; in 
D& the latter is replaced by a2 = ab. In spite of the formal similarity of the 
expressions for bv.(TF) in the two cases, the difference in the multiplicative 
relation becomes important when one evaluates tv.(rG), where rG equals the 
regular representation. 
We conclude this section with a summary of the situation for non- 
abelian groups of low order. 
(a) If the order of G equals 8, SW(G) = H*(G, [F1). 
(b) If the order of G equals 16, the 9 distinct non-abelian groups 
divide as follows: 
G = D,, Q,, D4 x Cz, C, x C,, and SW(G) = H*(G, EA. 
Otherwise G is split metacyclic; there are three possibilities; D’,, Dg, and a 
group with structural constants r?l= n = 2, I = - 1. This third group 
projects onto D,, and by Theorem 2, H*(G, IF,) is generated by Stiefel- 
Whitney classes. For the two remaining groups-it follows by the methods 
of [18] that the image of EPven(G, 2) in ,“‘,(G, LF2) is generated by the 
mod 2 reductions of Chern classes. However, at the time of writing we have 
not yet calculated SW(G) in these cases. 
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3. THE STIEFEL-WHITNEY CLASSES OF THE REGULAR REPRESENTATION rc 
Let G be a finite 2-group and RO(G) the ring of real orthogonal 
representations. We consider the following chain of subsets in RO(G), 
defined for all n 3 1: 
J’“‘(G) 
={p~RO(G):dimp=0(2”)andw,(p)=O for O<i<2”-‘}. 
PROPOSITION 3. 1. I;or UN n 3 1, J(“)(G) is an ideal, J(‘)(G) J’“)(G) s 
J@+ l’(G). 
3 If f: G’ + G is a homomorphism, then f !J’“‘(G) E J’“‘(G’), and iff 
is a ~onomorphim, f! J’“‘( G’) c J’“‘(G). 
ProoJ It is easy to see the subsets J’“‘(G) are stable under addition. 
For multiplication we apply the splitting principle to the associated flat 
bundles in KO(BG) (with J’“‘(BG) analogously defined). It suffices to show 
that if L and L’ are line bundles over a suitable space X, then 
and 
[L] . J’“‘(X) c J’“‘(X) > 
(CL] + CL’]) J’“‘(Y) c J’“+ ‘j(X). I 
Here the subset J”(X) of KG(X) is analogously defined to J@‘(G). Let x be 
an r-dimensional element of KO(BG). The splitting principle, applied to x, 
gives the formula 
w.([L] .x) = c (1 + wl(L))‘-i WI(X). 
i>O 
If SE J’“‘(BG), it follows that wi[([L]) ..x] =0 for 0~ i<2”-’ and 
~v~~~I( [L] .x) = w~“-~(x). Hence [L] .XE J’“‘(BG) and (for a pair of line 
bundles) M?~(( [L] + CL’]). x) = 0 for 0 < i < 2”-‘. However, using the Wu 
formulae, one can also prove that for an arbitrary element x the least value 
of i such that IVY # 0 has to be 2h for some h > 0. Furthermore 
wp+ i(x) = siqw2”(x), for O<i<2h. 
This last formula, together with the calculation of )vi in the range 
0 < i < 2” ~ r, implies that 
wi(([L]+ [L’]).x)=O for Oti<2”, 
so that 
([L] + [L’]).xE J’“+“(BG). 
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This concludes the proof of 1. The first part of 2 is obvious; the second is 
the statement of [9, Proposition 1.3.41. 
Remark. It is also possible to prove that Jt2’(G) J”)(G) c J(“+Z’(G); the 
details will appear in a future paper by the second author on the 
Stiefel-Whitney class of the regular representation. 
Define r(G) to be the maximum value of n such that the regular 
representation Ye belongs to J’“‘(G). (If G is a group of composite order we 
can use the same definition, and v(G) = v(G,) for some representative 
2-Sylow subgroup Gz. This follows from the elementary facts that 
Resgr, = [G: K] rK and that p E J’“‘(K) iff nzp E J’“‘(K) for all odd integers 
n?. Also, following [8], abbreviate M’,(P~) as e(G), and recall than rk(G), 
the (2)-rank of G, equals the maximum value of the 5,-dimension of an 
elementary abelian subgroup of G. 
PROPOSITION 4. The function 1’ is increasing on subgroups, i.e., if KC C 
then v(G) 2 v(K). Furthermore v(G) 3 rk( G). 
ProoJ: The first part is a consequence of the inductive property of the 
ideals J’“’ combined with the observation that rG = Indz rK. For the second 
it is enough to look at elementary abelian groups, for which v(G)=rk(G): 
see [ 141. One can also prove this by direct calculation; if E, is elementary 
abelian of rank s, then 
where E is the one-dimensional representation given by projection on the 
last factor, followed by inclusion in R x. By Proposition 3( 1) 
The opposite inequality follows from the fact that, if X( 1 + E) E 
J’“‘( BG x BC,), then x E J (“-“(BG). This actually holds for arbitrary 
groups G, but can easily be checked in the present situation, since 
x=(1 +~~)...(l +E,), say. 
Remark. The main theorem of this section shows that in general this 
inequality is strict. An upper bound for v(G) is given by I(G), the 2-length 
of G, defined to be the exponent of the highest power of 2 dividing the 
order. 
In terms of the function 1’ we can now reinterpret some of the results on 
e(G) in [S], as usual confining our attention to 2-groups. Note that 
Proposition 4 shows that if e(G) # 0, we must have rk(G) d 2. 
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THEOREM 5. Let G be an arbitrary 2-group. 
1. If G is ilot metacyclic, v(G) 3 3. 
2. If G is metacyclic, then v(G) d 2, 
unless G 2 D2m, Dim,, or Qlm. In each of these cases v(G) = m + 1. 
ProojY By Proposition 4 we have only to consider groups of rank less 
than or equal to 2. If G has rank one, G is either cyclic (use the discussion 
in Section 1) or G is generalised quaternion (see below). Moreover for an 
arbitrary group G, wI(rG) corresponds to the signature of the permutation 
representation of G acting on itself by translation and (see Bourbaki, 
“Algebre,” 1970 edition, Chap. I, Sect. 6, Ex. 29) this signature is non-trivial 
if and only if G is cyclic. Hence, if rk(G) = 2, so that v(G) 2 2, v(G) = 2 if 
and only if e(G) # 0. The vanishing of this class was studied by one of us 
in [S], and for 2-groups the main result is that e(G) vanishes, except for 
certain metacyclic groups. Indeed if we augment our standard presentation 
of the metacyclic group by the relations s2” = t”, 1~ 1(2m- ‘) (to allow for 
the possibility that G may not be split), we have 
LEMMA 6. Assume that G is not cyclic and m 2 2. Then e(G) = 0 if and 
only ifn= 1 andar -l(4). 
For a proof see [S]. 
LEMMA 7. If G satisfies the numerical conditions of Lemma 6, then 
G z D2m, Dim, or Q2,,,. 
Proof. The conditions n = 1 and L z - l(4) together imply that 
ram- 1. 
Case (i), r = m, the group splits and the exponent I in the definition of i 
must be such that A = 2’-- 1, m > Ia max(m - 1,2). Since we assume that 
m > 2, the only possibilities are Dzm and D&. 
Case (ii). r = m - 1. We have a group of quaternion type with presen- 
tation 
{s, t: t2”= 1, s2= F’, sts-’ = t”], 
where R is some unit in the finite ring Z/2”‘. Furthermore 1 satisfies the 
conditions 1~ -l(4) and ,J2= l(2m). Since the group of units is 
isomorphic to {k 1) x CZm-?, we conclude that the only possibilities are 
A= -1 and ;1= -1+2’+‘. The value Iz = - 1 gives a generalised quater- 
nion group, 1= - 1 + 2”-’ a group isomorphic to D;,. To see this replace 
the generators by sl=ts, then s~=tsts=t(sts-‘)s2=t.t-1+2m-‘.t2m-’= 
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tzm= 1. The new relation is sits?‘= tsrs-‘t-l= t-1+2”‘-‘, i.e., our group is 
semidihedral. 
It remains to do the calculations for the three exceptional groups. Con- 
sider first the dihedral group Dim. There are three types of irreducible 
representation, which all happen to be real: 
(i) I-dimensional, corresponding to the classes 1, 1 +a, 1+ b, 
l+a+b. 
(ii) 2-dimensional and faithful, denoted earlier by Ty (i = odd), and 
2’“-2 in number. As in Section 1, 
bt’.( Ty) = 1 + b + x. 
(iii) 2-dimensional and non-faithful, TF (i = even); these can be lifted 
through some projection DZm -+ Dzmmr, 1< Y < m - 2. Since i is even wZ(Ty) 
vanishes, and w.(TG) = 1 + b. There are 2”‘+‘- 1 such representations. 
Representations of type (i) show up once in rc, and of types (ii) and (iii) 
twice. 
Hence 
n~~(r,)=(1+a)(l+b)(1+a+b)(1+b)‘“’-’-2(1+b+x)2m-~ 
=[(l+b)(l+b+.~)]~‘“-I, since a( a + b) = 0, 
=[1+b2+x(1+b)]7m-‘. 
Observe not only that we have proved that v(Dzmt) = m + 1, but also that 
w.(rL)zm) is a (ZmP1 ) st power. The argument for the semidihedral group D;.t 
is similar, and it is convenient to use the fact that D&, is a central extension 
of D,,-I with kernel equal to ( t2mm1). Label the projection homomorphism 
as cp. Counting dimensions it is not hard to see that (with G = Dim) 
‘D;%, - - q’(r n,m-I)+ c Ty. 
ie(Zi2mj*:[+l} 
Furthermore the induction formula (I) used previously shows that 
)I’.( TF) = 1 + Car?,, .f + 6’ + N,(Z). 
Using this expression together with the calculation for Dzms-~ above we 
have 
where x0 E H”(D,,mi, IF,) is the generator from Diethelm’s presentation. 
Clearly cp*b = 6, and by restricting the representations TF (i = even, hence 
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non-faithful) to the subgroups (t) and (t) one sees that q*x, = ab. There- 
fore 
using the cohomological relation a~ = ab’=O, and its consequence 
(Cor ,U)’ = a4 = a*b* = 0. The multiplicative relations also ensure that the 
remaining terms in the expression above are non-zero, and so 
v(D;m) = m + 1. 
The quaternion group of order is a central extension of either 
C, x CZ (nz=2) or D&-I (/Yz>~)), and the relations in the periodic 
cohomology ring can be read off from these extensions. Setting z = “v,(p), 
where p is some fixed point free representation, and otherwise using the 
notation from Section 1, Example (iii), we obtain 
and 
H*(Q,,F2)={a,b,z:a’+ab+b2=0,b3=0} 
H*(Q2m, 5,) = (a, b, z: u* = ab, b3 = O>, m 3 3. 
Note from the Evens-Kahn formula (I) for the total Stiefel-Whitney class 
of a 2-dimensional induced representation that 
w,(T~) = 1 + (b2 + CorFt>;l-) -k -7. 
However, since Ty is actually of symplectic type, $2~~ vanishes, and so 
b* = CorG;,,.?. 
It follows that b3=b-Cor~,,.?=Cor~,,(Res~,,b..?)=O. This explains the 
extra relation, which is clearly equiv‘alent to a’b + ab’= 0. This relation 
between the generators also follows by applying Sq-‘. 
Over @ as with D,, and Dim the irreducible representations of Qzm are: 
(i) l-dimensional with total Stiefel-Whitney classes 1, 1 + a, 1 + 6, 
and l+a+b, 
(ii) 2-dimensional, 2 m-2 in number and faithful, with (after passing 
to the real numbers) iv. equal to 1 + Z, and 
(iii j 2-dimensional, 2” ~ * - 1 in number, defined over [w and factor- 
ing through the quotient group Dim-l. For such a representation u’. equals 
1 + b or 1 + b + b2 depending on whether there exists a further factorisation 
through D2,“-’ or otherwise. To see this note that w. is defined in dimen- 
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sions less than or equal to 2, and depends only on a and b. Now restrict 
to (t) and (s). 
Allowing for multiplicities in the regular representation we get 
(m33) lll.!rG) 
=(l+a)(l+b)(l+a+b)(l+b)‘m-‘-’ 
x (1 + b + ,2)2--’ (1 + Z)2m-’ 
= [(1+bj(l+b+b2)]2m~L(1+~j2”‘-’ 
= (1 + g-‘, since b3 = 0. 
(m = 2) ~~‘.(l.G) 
=(1+a’+ab+b’+a2bfah2)(1+z) 
=(l +z), since a’+ab+b”=O 
and b(ab + a’) = b(ab + a2 + b2). 
It follows that in all cases the first non-vanishing class occurs in dimension 
2”, so that v((Qzm j equals rn + 1. 
Remark. When G = D2m (respectively D&, Qzm) we have shown that 
tvm(rG) is a 2’“-’ st power (respectively a 2 m ~ ‘st power). By use of the 
FultonMacPherson formula and induction on the index this remains true 
for any group G, containing G as a subgroup. 
For odd prime numbers one can define ideals analogous to J(“)(G) in the 
complex representation ring RU( G j, thus 
for O<i<p”-R”+‘). 
where c!~) denotes the p-primary part of the ith. Chern class. These ideals 
are again inductive-the proof is similar to that of Proposition 3 in [9]. If 
one computes the (integral) Chern classes of rc for an abelian p-group G, 
one finds that ci(yG) = 0 for 0 < i <p’ -pr-‘, where Y = rk,(G), but that 
c+~~-L(T~) # 0. This implies that at least when G is abelian, I’~ belongs to 
Jr’(G); it would be interesting to study the situation for more general 
p-groups. For rank 2 p-groups (p 2 5 j this is a perfectly feasible calculation 
since enough is known about their cohomology in order to determine c.(r6) 
(see, for example, [lS, 191 j and to state an analogue to Theorem 5. 
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4. CONCLUDING REMARKS 
It is clear that the methods of this paper are strong enough to determine 
Mu. for an arbitrary metacyclic group. The description of the irreducible 
representations given at the beginning of Section 2 applies to any 
metacyclic group, so long as the matrix T:(s), which describes the action 
of s, is suitably modified to allow for the relation s2” = t2r; see [l]. Further- 
more Diethelm’s calculations of the mod 2 cohomology ring have been 
extended to the non-split case by Rusin [15]. If G is split the following 
would appear to be an efficient procedure: 
(i) Project G onto G by means of homomorphism q with kernel 
generated by t’. Distinguishing between cases as before, G+ is an abelian 
group of type (2’, 2”), and G- a group of dihedral type with presentation 
{f s: f?‘=,y?“= 1, sts-‘= t-l}. (Note that G contains an index 2 abelian 
subgroup of type (2’, 2”-I).) 
(ii) Calculate Hi., and then use the formula ~~~~~~~ UC+ (P!Y~, 
where UF (each contained in some T?) runs through those irreducible 
representations, which do not factor through G. Indeed it might be possible 
to write a computer programme to help with all or part of this argument. 
A simple illustration is provided by the groups D&, superficially similar to 
the semidihedral case but with 2”-’ - 1 replaced by 2”*-i + 1, and 
G= 4;1,,, z C; x C$-, . Working as for the semidihedral group one has 
M’.(I.G)= (1 +a)(1 +b+n)[(l +x&l +b’+Xo)]2”‘-3 (1 +6)2m-‘--1, 
where x0 E H*(C$-, , IF,). As for Dim, q*x, = ab, and UC = Ty (i = odd). 
Using Diethelm’s relations in cohomology once again 
cp*w~(rG)=(1+b+ab)(l+b)2”~‘-1=(1+b)’”’~’(1+ab), 
and 
)$‘. L,, I > 1 TF =(l+ab+b2+w4(T~))Z”‘-2=(l+b2+~4(T~))2”-2. 
Finally, w.(rc) = (1 + ab)[( 1 + b2)( 1 + b’ + M?~)]~“-‘, confirming the state- 
ment in Theorem 5 that v(D&) = 2. 
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